We prove that if A is a λ-presentable category and T : A → A is a λ-accessible functor then T /A is λ-presentable.
Assumptions
For the rest of this document, we assume the following.
• λ is a regular cardinal.
• A is a λ-presentable category.
• A 0 is a set of λ-presentable objects generating all of A under λ-directed colimits.
• T is a λ-accessible endofunctor on A.
Outline of the proof
This section gives a basic summary of our argument. Subsequent sections will elaborate the individual steps in this argument. Throughout, if S = (S, ≤) is a poset considered as a category, we write s ∈ S rather than s ∈ |S|. We may also refer to "the poset S", and denote the ordering simply by ≤, in this case. If s ∈ S we write s↑ for {s ′ ∈ S | s ≤ s ′ }.
By the usual arguments, (co)limits in comma categories exist, including T /A, and are computed componentwise. T /A is therefore cocomplete. The bulk of the argument therefore consists in exhibiting a set P of λ-presentable objects in T /A that generate all of T /A under λ-directed colimits.
1. The set P. Let W = {(A, P, Q, p, q) | A, P, Q ∈ A 0 , p : P → T A, q : P → Q}. For w = (A, P, Q, p, q) ∈ W let U (w), f (w), and g(w) be defined by the pushout − −−− → U (w) (1) When we need to refer to individual components of w ∈ W, we will write A(w), p(w), etc. (For the w above, A(w) is A.) Define P = (A(w), U (w), f (w)) | w ∈ W Then P is a set. Indeed, for every (A, B, f ) ∈ P there exists (at least one) w ∈ W that determines (A, B, f ) up to isomorphism. We may call such w a witness that (A, B, f ) ∈ P. Since W is clearly a set, there are only set-many witnesses available.
2. Every element of P is λ-presentable. This will be proved by a direct argument in Section 3. ,f ) . Using the fact that A is locally λ-presentable, we first collect the following data:
For every
• For each i ∈ I, write T A i = lim − →j∈J i P i,j , where J i is a λ-directed poset, p i,j→j ′ : P i,j → P i,j ′ for j ≤ j ′ , and p i,j : P i,j → T A i for j ∈ J i .
•
• For each i ∈ I and each j ∈ J i , use the fact that P i,j is λ-presentable,
As before, we refer to individual components i, j, k, and q of d∈D as i(d), j(d), k(d), and q(d). We prove directly that D (A,B,f ) is a λ-directed poset in Section 4.
4. There is a functor F : D (A,B,f ) → T /A whose image consists of objects in P.
Definition 2 The functor F : D (A,B,f ) → A is defined as follows:
, where w = w(d) and A(w), U (w), and f (w) are as in (1) . ,f ) , and thus
Since P i,j is λ-presentable, there exists a k ∈ K and a morphism q :
Since k(i, j) and
, by essential uniqueness of such factorizations there must exist an upper bound k ′ for {k, k(i, j)} such that
Then the following identity holds in A S :
This is a straightforward computation of a colimit in a functor category. For completeness we include the proof in Section 5.
Lemma
For fixed i, j, consider the functor
This is also a straightforward computation of a colimit in a functor category. We omit its proof.
Every object
This completes the proof of the theorem.
Elements of P are λ-presentable
Let D be a λ-directed poset and let (A * , B * , f
By computation of colimits in comma categories, we have that
• The structure morphisms for (A * , B * , f
• Since T is λ-accessible, T A * = lim
Now let (A, B, f ) ∈ P be determined by (A, P, Q, p, q) via the pushout
We want to show that there exists a d 0 ∈ D (A,B,f ) such that (α, β) factors essentially uniquely through ( 
Similarly, since β • g : Q → B * , Q is λ-presentable, and B * is a colimit, there exists
Without loss of generality we may assume d ′ ≥ d, so that
Next, observe that
This exhibits two factorizations of the same morphism from the λ-presentable object P to the colimit B * via β d ′ . By the essential uniqueness of such factorizations, there exists
By the pushout property of B, there is therefore a unique β ′ : B → B d 0 such that
That the first component of this morphism composes with α d 0 to α is obvious:
The first equality is by Equation 6 and the second is by Equation 4. To see that the second component of this morphism composes with β d 0 to β, we use uniqueness property of the morphism from the pushout B to B * . That is, we show that
To that end, observe that
So
To see that this factorization is essentially unique, suppose (α,
Since (α ′ , β ′ ) and (α ′′ , β ′′ ) are morphisms in T /A, we have
Moreover, since A is λ-presentable and
That is, we have two factorizations β d 1 • γ and β d 1 • γ ′ of the same morphism from the λ-presentable object Q to A * . There must therefore exist an l ≥ d 1 such that
We want to show that
For the first components we have
For the second components we first observe that
by the calculation for the first components
In addition, we have
From these latter two calculations we conclude that
• β ′′ by the uniqueness of the morphism from B to B * obtained from the fact that B is a pushout.
follows straightforwardly by AA , since β k→k = id B k and p i,j→j = id P i,j , while I, J i , and K are posets.
That i = i ′ forces both inequalities to arise via AA , whence the fact that J i is a poset entails that j ≤ j ′ ≤ j in J i , so that j = j ′ . Finally, AA also entails that q = id
. We distinguish four cases.
and there exists an r ′ :
We first observe that i < i ′′ . Then we put r ′′ = r ′ • p i,j→j ′ and note that
and there exists an r :
We first observe that i < i ′′ . Then we put r ′′ = p i ′ ,j ′ →j ′′ • r and note that
We put r ′′ = r ′ • r and note that
Directedness. Suppose S ⊆ D (A,B,f ) , |S| < λ. We will construct an upper bound for S in D (A,B,f ) .
Let i * ∈ I be an upper bound in I for {i | (i, j, k, q) ∈ S} and k * 0 ∈ K be an upper bound in K for {k | (i, j, k, q) ∈ S}. For each s = (i, j, k, q) ∈ S, we will define an element j(s) ∈ J i * and a morphism r(s) :
as follows:
• If i = i * , put j(s) = j, and r(s) = id P i,j .
• If i < i * , the facts that P i,j is λ-presentable and
ensure the existence of j(s) ∈ J i * and r(s) : P i,j → P i * ,j(s) such that (24) is valid.
Let j * be an upper bound in J i * for the set {j(s) | s ∈ S}. Now, since P i * ,j * is λ-presentable, and
Now, for each s = (i, j, k, q), we have We therefore have two factorizations of the above morphism from P i,j to B through β k *
1
. Since P i,j is λ-presentable there exists a k(s) ≥ k * 1 such that
• G * i (v 0 ) : T A i → B is the unique map which satisfies, for each j in J i :
Indeed, f • T α i satisfies this constraint, whence G * i (v 0 ) must equal it.
• G * i (v 1 ) : T A i → T A i is the unique map which satisfies, for each j in J i :
Indeed, id T A i satisfies this constraint, whence G * i (v 1 ) must equal it.
Pushouts commute with colimits
Recall that a pushout is simply a colimit for a functor whose domain is the span category 
